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Abstract 
We say that an ordered set has a k-coloring if its elements can be colored with k colors such 
that no maximal nontrivial antichain is monochromatic. It was shown by Duffus, Kierstead and 
Trotter that each ordered set has a 3-coloring. Very few examples of ordered sets not admitting 
2-colorings have been found so far. The smallest of them has 17 elements. We consider a 
certain subclass of the class of ordered of width 3 and prove a necessary condition satisfied by 
ordered sets in this subclass that are not 2-colorable. The condition allows us to find several 
new examples of ordered sets without a 2-coloring. Moreover we show that every ordered set 
without a 2-coloring in the considered subclass contains the above mentioned smallest known 
17-element ordered set without a 2-coloring. © 1999 Elsevier Science B.V. All rights reserved 
I. Introduction 
It was observed by several authors that large important classes of  graphs have a 
property that each graph G in this class contains a subset (called a transversal) which 
meets every maximal nontrivial clique in G and has at most ½IGI elements. 
Among them are triangulated graphs, split graphs, interval graphs, comparability 
graphs, almost all line graphs, etc. (cf. [1,4,6,8]). 
Surprisingly enough, unlike what Lonc and Rival [6] had conjectured, complements 
of  comparability graphs do not always have this property. Duffus, Sands, Sauer and 
Woodrow [3] have constructed (see Fig. 1) an ordered set ~T on 17 elements such 
that the cardinality of  the smallest ransversal in the complement of  the comparability 
graph of ~ is 9. 
Call a subset F of  an ordered set P a fibre if F intersects each maximal nontrivial 
(i.e. of  cardinality larger than 1) antichain in P. Clearly fibres in ordered sets correspond 
to transversals in complements of  their comparability graphs so from now on we shall 
consider fibres instead of transversals. 
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Fig. 1. 
We say that an ordered set is k-colorable if we can color its elements into k colors 
such that no maximal nontrivial antichain is monochromatic. Duffus et al. [2] have 
shown that every ordered set is 3-colorable. Clearly in each k-coloring all monochro- 
matic sets are fibres. Consequently, if an ordered set P is 2-colorable then it contains 
a fibre of  size at most ½[PJ. The family of  known ordered sets without a 2-coloring 
consists of  5 a and some of its variations (cf. [7]). 
One purpose of  this paper is to find more examples of ordered sets without a 2- 
coloring. We shall consider some special class of  ordered sets which contains the 
ordered set 5e and try to find in this class other examples of  ordered sets without a 
2-coloring. It turns out that 5 e is the smallest ordered set without a 2-coloring in this 
class. We conjecture that it is also the smallest ordered sets without a 2-coloring in the 
whole class of  ordered sets. The methods we use in this paper lead to constructions of 
several new ordered sets without 2-colorings. 
In this paper we shall deal with ordered sets, that we call centered. An ordered set 
P is said to be centered if its width is 3 and there exists an element c (a center of P)  
and chain C intersecting each antichain of  size 3 in P such that c is noncomparable 
to every element of  C. 
There are a few reasons why we deal with this class of  ordered sets. First, it contains 
5 p (using the notation in Fig. 1 define c = 9 and C = (10,6, 17,8}) so we can expect 
other ordered sets without 2-colorings in this class. Second, the class is relatively easy 
to consider as it is in a sense close to the class of  ordered sets of  width 2. (Intuitively, 
the chain C in the definition of a centered ordered set 'should be' short and P - C 
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has the width equal to 2.) In the class of  ordered sets of width 2 there is a clear 
characterization f fibres (fibres are just complements of  chains). The third reason will 
be explained later. 
Duffus et al. [2] raised the problem of finding the least 2 such that each ordered set 
has a fibre of  size at most 21PI. It has been proved so far that 8 ..<2~<2 (see [2,7]). 
We can relax this problem by asking about the least 2k, k >f 2, such that each ordered 
set of  width at most k has a fibre of  size at most 2klPI. 
l Lonc [5] has shown that 23 ~< ~8" Apart from the One can easily see that 22 --- ~. 
general bounds nothing more is known about the values of 2k. The notion of  centered 
ordered sets plays an important role in the proof of  the inequality 2 -< 11 This is the 3 -~. ~ .  
third reason why we think this class of  ordered sets is worth to be considered. 
In this paper we show necessary conditions (Theorems 4 and 5) satisfied by centered 
ordered sets without 2-colorings. They say a lot about the structure of  such sets and 
can be applied to finding many examples of  them. We use these theorems to show in 
Theorem 6 and Corollary 1 that 5 p is contained in every centered ordered set without 
a 2-coloring. 
2. Notation and preliminaries 
We write x II Y when the elements x and y are noncomparable. For x,y E P, x<<.y, 
let Ix, y] = {z E P : x<~z<<.y}. By l(x), U(x) and D(x), where x E P, we mean the 
sets of  elements in P which are noncomparable to x, greater than x and less than x, 
respectively. For X C P, an element x E X is a splitting element in X if x is comparable 
to all elements of  X. 
From now on P will always mean a centered ordered set. Denote by c and C an 
element and a chain, respectively appearing in the definition of  a centered ordered set. 
Let C, C1, C2 be a fixed partition of P into chains. For A C_ C, let I(A) : U~EA I(X), 
U(A) = NxEA U(X) and D(A) = NxEA O(x). 
Call an element of  I(x), x E C, an x-single if it is a splitting element in I(x). By a 
single we mean any element which is an x-single for some x E C. A single is hard if 
it is a splitting element in Cl U C2. Obviously if a is an x-single for some x E C then 
{a,x} is a maximal antichain in P. 
Proposition 1. Let P be a centered ordered set. The union of the set of singles and 
a center c is a chain in P. 
Proof. Let a be an x-single, x E C. Since c E I(x), a and c are comparable. 
Let now a and b be singles and let a (respectively b) be a splitting element in I(x) 
(resp. I (y)),  x ,y E C. Assume that a>~c and b>>.c. The other cases are analogous or 
obvious. We can assume without loss of  generality that x ~< y. I f  y ~< a then x ~< y ~< a, 
a contradiction. If, on the other hand, a < y, then c<~a < y so c ~ l(y),  a contra- 
diction again. Thus a E l (y )  so a is comparable to b because b is a splitting element 
in l (y).  [] 
174 z. Lonc/Diserete Mathematics 201 (1999) 171-188 
The following lemma was shown in [5]. 
Lemma 1. Let P be a centered ordered set. I f  y E Ci, i = 1,2, is a non-hard x-single, 
for some x c C then at least one of the following conditions holds 
(i) I(x) M U(y) consists of x-singles and I(x) A U(y) c Ci, 
(ii) I(x) N D(y) consists of x-singles and I(x) M D(y) C_ Ci. 
This lemma implies that there are two kinds of  non-hard singles. An x-single y is 
upper if the condition (i) is satisfied and it is lower if (ii) holds. It is possible that 
an element is both an upper and a lower x-single. Then I(x) is a chain contained in 
either Cl or C2. 
Let P contain no hard singles. It follows from Lemma 1 that the elements of C can 
be classified into 9 types (see Fig. 2). The element x E C is of type Ui (resp. Li), 
i = 1, 2, if there is an upper (resp. lower) x-single belonging to Ci and there are not 
lower (resp. upper) x-singles. The element x E C is of type LUi, i = 1,2 if there are 
both lower and upper x-singles and all of  them belong to Ci. The element x E C is 
of type LiU(3 - i), i = 1, 2, if there are both lower and upper x-singles, the former 
belonging to Ci and the latter to C3-i. Finally, x E C is of type 0 if there are no 
x-singles. 
Let x E C. Denote by Mi(x), i -- 1,2 (resp. mi(x)) the greatest (resp. the least) 
element in I(x) M Ci. I f  there is the greatest (resp. the least) element in I(x) then we 
denote it by M(x) (resp. m(x)). 
In Proposition 2 we give some simple properties of the sets l (x) which will be used 
many times in the sequel (often without any reference). 
Proposition 2. Let x, y C C. 
(i) I f  a, b E I(x) and a<~d<<.b then d c I(x). 
(ii) I f  x < y then mi(x)<~mi(y) and Mi(x)<~Mi(y), i :  1,2. 
(iii) I f  a E Ci, i = 1,2, then a < x if and only if a < mi(x) and a > x if and only 
i f  a > M,.(x). 
The next three lemmas will be used several times to prove existence of 2-colorings. 
Let S C_ CI tO C2. Define K(S) = {u C C: some u-single belongs to (C1 U Cz) -  S}. 
Lemma 2. Let P be a centered ordered set, F1 = S tA K(S) and Fz = P - F~. I f  
(i) for each u E K(S), l(u) M S is a chain without u-singles, 
(ii) F2 - C is a chain and 
(iii) S contains no maximal 2-element antichains, then {F1,F2} is a 2-coloring of P. 
Proof. Suppose {FI ,F2} is not a 2-coloring of P. Then either F1 or F2 contains a 
maximal nontrivial antichain A. 
Assume first that A C_ F1 contains some u E C. Then u C K(S). Since I(u) A S 
contains no u-singles, A cannot have 2 elements. Thus IAI = 3. This is, however, 
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Fig. 2. 
impossible because I (u )N  S is a chain. I f  A C_ F1 is disjoint from C then by (iii) we 
get a contradiction. 
Let now .4 C_F2. By (ii), .4 = {u,a}, u E C. Since u f[ K(S), a E (Cl U C2) - S is 
not a u-single, a contradiction. [] 
Lemma 3. Let P be a centered ordered set, Fl C_ C1 U C2 and F2 = P - FI. I f  
(i) all singles are in F1, 
(ii) F2 - C is a chain and 
(iii) F1 contains no maximal 2-element antichains then {F1,F2} is a 2-coloring of  P. 
Proof. Suppose {F1,F2} is not a 2-coloring of P. Then either F 1 o r  F2 contains a 
maximal nontrivial antichain A. 
I f  .4 C F1 then by Fl _C C1 U C2 and (iii) we immediately get a contradiction. 
Thus assume that A C_F2. It follows from (ii) that A -- {u,a}, u E C. Then, however, 
a is a single contradicting to (i). [] 
Let xl < x2 < . . .  < Xp and let xl E Ci, Xp E Cj, i, j = 1,2. By a spiral 
S(Xl,X2 . . . . .  Xp) (see Fig. 3) we mean the set of elements in Ct U C2 comparable to 
each of the elements of  the set {Xl . . . . .  Xp} U (D(Xl) n C/) U (U(xp) n Cj). 
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Denote by M (resp. m) the greatest (resp. the least) single in P. 
Lemma 4. Let P be a centered ordered set, Fl = S(xl . . . . .  Xp) and F2 = P - F1. I f  
(i) Xl . . . .  ,Xp are either singles or a center c, Xl = m, Xp = M, 
(ii) F2 - C is a chain and 
(iii) for  each i = 1 . . . . .  p - 1, there is x E C such that xi 1[ x II X,+l then {F1,F2} is 
a 2-coloring o f  P. 
Proof. Follows immediately by Lemma 3 and Proposition 1. [] 
3. 2-colorable ordered sets 
In this section we show several theorems aying that members of  large subclasses 
of  the class of  centered ordered sets are 2-colorable. Here is the first of  them. 
Proposition 3. Let P be a centered ordered set. I f  there is no x E C such that both 
C1 and C2 contain x-singles then P is 2-colorable. 
Proof. Let S = C1, F1 = S U K(S)  and F2 = P - Fl. Since by our assumption there 
is no x E C such that both C1 and C2 contain x-singles, the condition (i) of  Lemma 2 
is satisfied. The proposition follows now easily by Lemma 2. [] 
Theorem 1. Let P be a centered ordered set and let a center c E Ci, for  some i = 1,2. 
I f  P has no hard singles, and either M E Ci or m C Ci then P is 2-colorable. 
Proof. We can assume without loss of  generality that i = 2, i.e. c E C2. 
I f  c ~ [m,M] then by Proposition 1, either c < m or M < c. Assume that c < m 
(the other case is analogous). Then all singles in P are upper. Indeed, if there is a 
C 
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Fig. 6. Fig. 7. 
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lower x-single (for some x E C) then by Lemma l(i i) ,  c E I(x) is an x-single too so 
m <~ c, a contradiction. Notice that there are no x E C such that both Cl and C2 contain 
x-singles. Otherwise, by Lemma 1, P contains a lower x-single. We have shown that 
the assumptions of  Proposition 3 are satisfied so P is 2-colorable. In the rest of  the 
proof we shall assume that c E [m,M]. 
Consider first the case m,M E C2. Set F1 = S(m,c,M) and F2 = P -  Fl  (see 
Fig. 4). Let m be an x-single for some x E C and M a y-single for some y E C. Then 
m I[ x II c II y II M so (F~,F2} is a 2-coloring by Lemma 4. 
Suppose now that either M or m belongs to Cl. Without loss of generality, we can 
assume that M E C1 and m E C2. Consider four subcases. 
(a) For some s,t E [c,M], s E C~,t E C2 and s < t. 
The spiral F1 = S(m,c,M) and F2 = P - F1 satisfy the assumptions of  Lemma 4 
(see Fig. 5). In particular the condition (ii) is satisfied because, as it can be easily 
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checked F2-  C C(D(s)M CI )U(U(t)N C2), so for every a E D(s)M G, b E U(t)N C2 
we havea  <s  < t < b. ThusFz -C isacha in .  
(b) Some x E C is of  type L2U1. 
The spiral F1 = S(m,m(x),M(x),M) and Fz = P -  F1 satisfy the assumptions of  
Lemma 4 (see Fig. 6). Indeed, it is easily seen that F2-C C_(D(x)NC1 )U(U(x)AC2) so 
for a E D(x) A Cl and b E U(x) M C2, a < x < b. Thus F2 - C is a chain. Moreover, 
let m be an Xm-single and M an xM-single, for some Xm,X M E C. Then m [[ Xm [[ 
re(x) [[ x [[ M(x) [[ xM [[ M because c E l(xm), c E I(xM) and m<~rn(x)~c<~M(x)<~M 
so by Proposition 2(i), m(x) E I(xm) and M(x) E I(xM). Thus P is 2-eolorable by 
Lemma 4. 
We can assume that there is an element of  type L 1 U2 in C. Otherwise, we are done 
by Proposition 3. Let x be the largest element of  type L 1 U2 in C. 
(c) Cases (a) and (b) do not hold and there is not z E C of  type LU1 such that 
re(z) E [m, m2(x)]. 
Let S = S(m, m2(x)), F1 = S U K(S) and F2 = P -F l  (see Fig. 7). Observe that 
m <~m(x)~<m2(x) so S is well-defined. 
We shall show that the assumptions of  Lemma 2 are satisfied. Since F2 - C C_ C1, the 
condition (ii) holds. Moreover, m E C2 so if S contains a 2-element maximal antichain 
A then A C_[m, m2(x)]. Clearly m2(x)<<,c for otherwise c q~ I(x). Let Xm E C be such 
that m is an Xm-single. Then, since m<~mz(x)<~c and m,c E I(xm), [m, m2(x)] C_I(x,~) 
by Proposition 2(i). Hence A can be extended by xm, a contradiction. We have shown 
that the condition (iii) of  Lemma 2 holds. 
To show that the condition (i) is satisfied notice that since (C1 U C2) -S  c_ C1, every 
u E K(S) is of  type either L1, U1, LU1 or L1U2. 
Let u E K(S) be of type L1 or L1U2 and denote by a some u-single in (Cl UC2) -S .  
Suppose m(u)<~m2(x). Then, by Proposition 2(i) m2(x) E I(u) because m2(x)<~c E
I(u). Since a ~ S and obviously m < a, a ~mz(x). I fa  [[ mz(x) then a is not a u-single. 
Thus m2(x) < a. This however contradicts to Lemma l(ii) because m2(x) E I(u)ND(a) 
but m2(x) ~ CI. Hence m(u) ~m2(x) so for every b E I(u), b ~m2(x). Thus, if u is of  
type L1 then I(u)N S C_ C2 so the condition (i) of  Lemma 2 holds. When u is of  type 
L1U2 then m2(x) < m2(u) for m2(u)<~m2(x) gives m(u)~mz(x). Thus by Proposition 
2(ii) x < u contradicting to the definition of  x. 
Let now u E K(S) be of type U1. Then u > x. Indeed, if u < x then the condition 
in case (a) is satisfied. (Take s = M(u) and t = M(x). Then c < s because c E 
I(u) and s = M(u) = Ml(u)<~Ml(x) < M(x) = t by Proposition 2(ii).) Suppose 
I (u)rqsMcl  ¢ ~ and let b E I(u)MSMC1. Thus b E [m, m2(x)] so b<~mz(x)<~m2(u) 
by Proposition 2(ii). Consequently b is a lower u-single, a contradiction because u is 
of  type U1. Hence I(u)(1 S C C2 and the condition (i) of  Lemma 2 holds. 
Finally, let u be of  type LU1. By assumptions in the case (c), I(u) n S C_ C2 so the 
condition (i) of  Lemma 2 is satisfied again. 
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(d) Cases (a) - (c)  do not hold. 
Let z E C be of  type LU1 such that re(z) E [m, m2(x)]. Define F1 = S(rn, c,M(z))U 
(C1 M U(x)) and Fe = P - F l  (see Fig. 8). 
First note that M(z) and M(x) are comparable because both are singles. Moreover, 
M(z) > M(x) for otherwise the conditions of  case (a) are satisfied for s = M(z) and 
t = M(x). 
We shall show that the assumptions of Lemma 3 are satisfied. Let a be any single 
not in F1. Thus a > c because [re, c] C_Fl. I f  a E Cl then a<~Ml(x) < M(x) and the 
conditions of  case (a), for s = a and t = M(x) are satisfied. Thus, let a E C:. Since 
a ~ Fl, a ~ M(z) so a ~ M2(z). Hence, a > M2(z). By Proposition 2(iii), a > z 
so a > M(z) (a and M(z) are comparable as both are singles). Taking s = M(z) and 
t = a we see that, again, the conditions of  case (a) are satisfied. This contradiction 
shows that all singles belong to F l .  
Suppose now that a,b C F2 - C, a E C1, b C C2. Then a ~ x so a~Ml(x) < M(x) 
and b ~ M(z). Since M(z) > M(x),  b ~ M(x) so b > M(x). Hence a < M(x) < b 
so F2 - C is a chain. 
Finally, suppose F 1 contains a maximal 2-element antichain A = {a, b}, a E C1, 
b E C2. I f  AC_[m,c] then A can be extended by the element xm E C for which 
m is an xm-single, a contradiction. If A C_[c,M(z)] then A can be extended by z, a 
contradiction again. Thus, a E C1 A U(x). Then a~m(z) for otherwise a < m(z) < 
c~M(x)  contradicting to a e U(x). On the other hand a~M(z)  because a [[ b and b c 
S(m,c,M(z)). Hence a E I(z). Moreover a > x and consequently x ~ b because a [[ b. 
Thus b~rn2(x) since b < m2(x) yields b < x. Hence, by our assumption, b~m(z). 
Obviously b<,M(z) because b E S(m,c,M(z)) so b C I(z). This is a contradiction 
because A can be extended by z. [] 
Theorem 2. I f  P & a centered ordered set containing a hard single then P is 2- 
colorable. 
Proof. Suppose the theorem does not hold and let P be a centered ordered set which 
is not 2-colorable with the smallest possible number p~> 1 of  hard singles. We can 
assume without loss of  generality that a center c e C2. 
180 Z. Lonc/Discrete Mathematics 201 (1999) 171-188 
Assume first that some hard single s E P is either a maximal or a minimal element 
in C1 U C2. Let, say, s be minimal. We can assume that s E C2 for otherwise we 
can shift it to C2 as s is comparable to every element in CI U C2. Adjoin to C1 a 
new element s* less than every element in P - {s} and noncomparable to s. The 
obtained ordered set P* contains a smaller than p number of hard singles. Moreover 
P* is not 2-colorable. Indeed, suppose it is. Then it induces a 2-coloring in P because 
each maximal nontrivial antichain in P is a maximal nontrivial antichain in P*. By 
minimality of  p, P* has no hard singles. Clearly s E C2 is the least single in P*. By 
Theorem 1, P* is 2-colorable, a contradiction. 
Suppose now that there is a hard single s E P which is neither maximal nor minimal 
in C1 U C2. Let Mc (resp. mc) be the greatest (resp. the least) element in I(s) C_ C. 
Denote by PI (resp. P2) the ordered set induced by P-  U(s) (resp. P-D(s ) ) .  Clearly 
both P~ and P2 contain the hard single s being a maximal element in P1 and minimal 
in P2. Moreover both P1 and /92 are centered. Indeed, let c E PI ,  say. Then a center 
of  PI is c and a center of  P2 is s. Clearly the numbers of hard singles in both 
P1 and P2 are not greater than in P and the hard single s is maximal in P1 and 
minimal in/°2. We have shown in the previous paragraph that such ordered sets are 
2-colorable. 
Consider 2-colorings of  Pl and P2 with red and blue such that in both colorings s 
is blue. Note that in both colorings each element of  [mc, Mc] C_ C is red because for 
every v E [mc,Mc] the set {v,s} is a maximal antichain in both PI and P2. Thus the 
colors of  the common part of P1 and P2 are the same. Suppose there is a nontrivial 
antichain A C_ P which is monochromatic in the considered 2-coloring. Clearly, A ~ P1 
and A ~ P2. Thus for some a,b E A, a E U(s) and b E D(s). Then, however, 
b < s < a, a contradiction. We constructed a 2-coloring for P. [] 
Let a center c E C~ for some i = 1,2 and let m,M E C3- i. By a Z-chain we mean 
any chainm < a < b < c or c < b < a <M such that aEC i ,  bEC3_ i  and both 
a and b are singles. Call the former Z-chain lower and the latter one upper. 
Theorem 3. I f  P is a centered ordered set, a center c E Ci, for some i = 1,2, 
m,M E C3-i and P contains a Z-chain then P is 2-colorable. 
Proofi Let i = 2, i.e. c E C2. By Theorem 2 we can assume that there are no hard 
singles in P. We shall consider several cases. The proofs in each of the cases base 
on applications of  Lemmas 2-4. Since they are routine and similar to the reasonings 
presented in the proof of  Theorem 1, we give general hints only and leave the details 
to the reader. 
(a) P contains both upper and lower Z-chains. 
Let FI = S(m,c,M) and F2 -- P - F I .  The assertion follows by Lemma 4. 
By duality, we can assume in the sequel (without loss of generality) that no upper 
Z-chain is contained in P. 
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(b) Some x E C is of  type L2U1. 
Let FI = S(m,c,M(x))  U I(x) and F2 = P - FI. The theorem follows by Lemma 3. 
Denote by u the largest single in Ci smaller than c. 
(c) There is x E C of  type U1 or LU1 such that u E I(x). 
Let Fx = S(m,u,M(x))  and F2 = P -  Fl. The theorem follows by Lemma 3. 
To complete the proof it suffices to consider the following case. 
(d) No x E C is of  type L2U1 and for every x E C of type either U1 or LU1, 
u f[ I(x). 
Let z E C be such that u is a z-single. Let S = S(m, m2(z)), F1 = S UK(S)  and 
F2 = P -  F1. The assertion follows by Lemma 2. [] 
4. A necessary condition 
In this section we show some necessary conditions satisfied by a centered ordered 
set without a 2-coloring. 
As in the proof of  Theorem 3, we shall omit technical details in the proof of the 
conditions since they are routine applications of  Lemmas 2-4. 
Theorem 4. I f  P is a centered ordered set without a 2-coloring and its center c E C2 
then either P or its dual satisfies the conditions: 
(i) There are elements in C of types U2, L1U2, U1 and L2. The least elements 
t ,x,y,z E C of  types U2, L1U2, U1 and L2, respectively satisfy the inequalities 
t<x< y<z .  
(ii) There are no elements in C of types LU1, LU2 and L2U1. 
(iii) ml(y)<~ml(x). 
(iv) Some t-single t* is smaller than m2(y). 
(v) There is s* E C1 such that x < s* < z. (See Fig. 9.) 
Proof. By Theorem 2 and Proposition 3 we can assume that P does not contain hard 
singles and some x E C is of  type either L1U2 or L2U1. We shall divide the proof 
into several parts. By Theorem 1, m,M E Cl. 
(a) Suppose there are elements of  both types L1U2 and L2U1 in C. 
Let x, y E C be of  types L1 U2 and L2U1, respectively. I fx  > y then by Propositions 
1 and 2(ii) m < m(y) < m(x) < c is a Z-chain so P is 2-colorable by Theorem 3, a 
contradiction. 
Hence x < y. Let F1 = S(m(x) ,c ,M(y))  UI(x)  ©I (y )  and Fz = P - F1. It follows 
by Lemma 3 and Theorem 3 that P has a 2-coloring, a contradiction. 
Thus we can assume that there are no x E C of  type L2U1. I f  there are no x E C 
of type L1U2 then we consider the dual of  P. Let x E C be the least element of  type 
L1 U2 in P. 
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(b) Suppose there is some y E C of  type LU1. 
Let F] = S(m(y) ,M(y))  and F2 = P - FI. Then P has a 2-coloring by Lemma 3 
and Theorem 3, a contradiction so there is no element y E C of  type LU1. 
(c) Suppose for every y E C of type U1, Ml(x) < ml(y). 
Let S -- S(m(x),M(x)), F1 = S UK(S)  and F2 = P - F]. The ordered set P has a 
2-coloring by Lemma 2 and Theorem 3, a contradiction. 
Therefore we can assume that there is y E C of  type U1 such that Ml(X)>~ml(y). 
Note that y > x for if y < x then c < M(y)  < M(x) < M is a Z-chain. Thus the 
condition (iii) of the theorem holds. 
Let y be the least element satisfying the above condition. Clearly y is also the least 
element of type U1 in C by Proposition 2(ii). 
(d) Suppose no z E C is of  type L2 or LU2. 
Let S = S(MI(x),M(y)),  F] = S U K(S) and F2 = P -  Fl. By Lemma 2 and 
Theorem 3 P has a 2-coloring, a contradiction. 
Thus there is z E C of  type L2 or LU2. Note that z > x because otherwise, by 
Proposition 2(ii), m < m(z) < m(x) < c is a Z-chain. 
(e) Suppose there is z E C of  type L2 or LU2 such that x < z < y. 
Let S = (D(y) fq C]) U (C2 - D(x)), FI = S UK(S)  and F2 = P - Fl. It can be 
routinely checked using Lemma 2 and Theorem 3 that P has a 2-coloring. 
Z. Lonc/Discrete Mathematics 201 (1999) 171-188 183 
Note that i f  there is z C C of  type LU2 then y < z so e < M(y)  = Ml(y)<~Ml(Z) < 
M(z) < M. Hence c < M(y)  < M(z) < M is a Z-chain, a contradiction. Thus there 
are no z E C of  type LU2. This completes the proof of (ii). 
Let z C C, y < z, be the least element of  type L2 in C. 
(f) Suppose there is no t E C of type U2 with a t-single smaller than m2(y). 
Let F1 = Ca U I (y )  and F2 = P -F1 .  It follows from Lemma 3 and Theorem 3 that 
P has a 2-coloring, a contradiction. 
Thus for some t / of type U2, there is a t/-single t* such that t* < m2(y). Let t be 
the least element in C of type U2. Note that m2(t)<<.m2(t')<~t* < m2(y)<~c<~M(t) so 
t* E I(t). Moreover, for every v E l ( t )nC1,  v<~Ml(t)<<.Ml(t~)<~t * so t* is a t-single. 
Finally, since Ml(t)<t* <m2(y) ,  Ml( t )<ml(y)  (ml(y) and mz(y) are noncomparable 
as y is of  type U1). Since ml(y)<~Ml(X), x > t by Proposition 2(ii). Hence the 
conditions (i) and (iv) are satisfied. 
(g) Suppose (v) is not satisfied. Let F1 = S(m(x),M(y)) and F2 = P - F1. It follows 
from Lemma 3 and Theorem 3 that P has a 2-coloring, a contradiction so (v) 
holds. [] 
Let Ii = D(t) n Ci - D(I(t)) and I i = U(z) N Ci - U(I(z)), i = 1,2, where t and z 
are defined in Theorem 4. 
Theorem 5. I f  P is a centered ordered set without a 2-coloring then Ii ~ 0 and I i ~ 0, 
i=  1,2. 
Proof. Suppose the assertion does not hold. 
(i) 11 = 0. 
Let S = I(t) U (U(c) n C2) U (D(t) n Cl), F1 = S U K(S) and F2 = P - F l .  By 
Lemma 2 and Theorem 4 P has a 2-coloring, a contradiction. 
(ii) I2 = 0. 
Let S = I(t) U (U(c) N C2) U (D(t) n C2), F1 = S UK(S)  and F2 = P - FI .  By 
Lemma 2 and Theorem 4 P has a 2-coloring, a contradiction. 
(ii i) 11 = 0 or there is a single in U(z) N C1. 
Let F1 = I(x) U l(z) U (U(z) n Ci ) U (D(x) N C1 ) and F :  = P - F l .  By Lemma 3 
and Theorems 3 and 4 P has a 2-coloring, a contradiction. 
(iv) I 2 -- 0 and there is no single in U(z) n C1. 
Let F1 = I(x) U I(z) U (U(z) n C2) U (D(x) N C1 ) and F2 = P - F l .  By Lemma 3 
and Theorems 3 and 4 P has a 2-coloring, a contradiction. [] 
Call an ordered set P normalized i f  deletion of  any comparability in P makes some 
maximal nontrivial antichain disappear. Note that, in a sense, if  we look for ordered sets 
without 2-colorings then we can restrict ourselves to normalized ordered sets. Indeed, 
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suppose we have an ordered set P without a 2-coloring which is not normalized. Delete 
a comparability from P such that no maximal nontrivial antichain is destroyed. In the 
obtained ordered set P '  the family of  maximal nontrivial antichains contains the family 
of  maximal nontrivial antichains in P. Thus the family of fibres in P '  is contained in 
the family of fibres in P. Since a 2-coloring is just a partition into 2 fibres, P~ does 
not have a 2-coloring either. Repeating the procedure of deleting comparabilities we 
get a normalized ordered set of  cardinality IPI which does not have a 2-coloring. The 
same argument shows that if the smallest fibre in some ordered set P has at least AlP[ 
elements then there is a normalized ordered set P', Iel = IP'I, such that the smallest 
fibre in P '  has at least ,~IP'I elements. 
Denote by --< the covering relation in P. 
Lemma 5. Let P be a normalized centered ordered set without a 2-coloring with a 
center c E C2. I f  for  some a E Ci, b E C3-i, i = 1,2, a -< b then either a is a lower 
or b is an upper single in P. 
ProoL Delete the comparability between a and b and denote the resulting ordered set 
by P' .  Clearly it does not destroy any 3-element antichain because the width of the 
resulting ordered set is still 3. Suppose some 2-element antichain A is destroyed and 
A _C A ~ for some 3-element antichain A' in P' .  Clearly a E A or b E A and a, b E A'. 
Let, say, a E A and let x be the other element in A. I f  x E C2 or x E Cl then A is 
still maximal after deletion of the comparability between a and b. Thus x E C so a 
is an x-single in P. Since a,b E I(x), a < b, a E Ci and b E C3-i, a must be a 
lower x-single by Lemma 1. I f  b E A then we similarly prove that b is an upper 
single in P. [] 
Theorem 6. Every normalized centered ordered set without a 2-coloring contains a 
subset isomorphic to the ordered set 6 e. 
Proof. Let P denote an ordered set satisfying the assumptions of the theorem and let 
c E (72. By Theorem 4 there are elements t < x < y < z satisfying the conditions 
( i ) - (v)  of the theorem. Let di E Ii (resp. ui E I i ) ,  i = 1,2, be the greatest element in 
Ii (resp. the least element in Ii). They exist by Theorem 5. 
Let 1' = ml(y),  3 t = d~, 4 ~ = d2, 5' = m(x), 6 t = x, 7 ~ = M(x),  8' = z, 9 ~ = c, 
10 ~ = t, 14' = ul, 15' = u2, 16 ~ = M(y)  and 17' = y (see Fig. 10). Moreover, define 
1 1' to be the largest t* satisfying the condition (iv) of  Theorem 4 and let 13' be the 
least element in C2 noncomparable to Ml(Z). Let v be the least element in C of type 
L1U2 or L1 such that t < v<<,x (it exists because x is of type L1U2). Define 2' to 
be the largest element in D(v) N C2 (it exists because 12 ¢ ~). Finally, let 12' be the 
largest element s E C1 such that s > x and s ~ 11 ~. Suppose such an s does not 
exist. Then FI = I (x) U (D(x) N Cl) U [ l l ' ,M~(y)]  U (U(y)  N C1) and F2 = P - F~ 
satisfy the assumptions of Lemma 3 (in particular F2 C_ C2) so P has a 2-coloring, a 
contradiction. 
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It can be routinely checked that the elements 1',2' . . . . .  17' are pairwise different and 
they induce an ordered set isomorphic to the ordered set St (see Fig. 1), where the 
isomorphism is 4) : i ~ > i', for i = 1,2 .. . .  ,17. Preservation of the order relation is in 
most cases obvious. Let us consider a few typical nontrivial cases. 
(i) 11' II 12' II 13'. 
By the definition of 12', 12' 7~ 11'. Moreover, if 12' < 11' then, by (iv), x < 
12' < 11' < me(y)<<.c, a contradiction with the definition of c. Hence 12' II 11'. 
Since 11' < mz(y)<<.m2(z) = m(z) < ml(z), 12' < ml(z) so by Proposition 2(iii), 
12' < z. I f  12' > 13' then z > 12' > 13'~>me(z), a contradiction. When 12' < 13', 
on the other hand, F1 and F2 defined above satisfy the assumptions of Lemma 3 so P 
has a 2-coloring, a contradiction again. Thus 12' II 13t. 
(ii) 1' II 2'. 
Clearly 1' ¢ 2' for if 1' < 2' then m(v) = ml(v)<<.ml(x)<~ml(y) = 1' < 2' 
so 2' ~ D(v), a contradiction. On the other hand, if 2' < 1' then the sets S = 
(C2 -D(v ) )U  ((CI N D(y) ) -  U(v)), El = S U K(S) and F2 = e -  S satisfy the 
assumptions of Lemma 2 so P has a 2-coloring, a contradiction so 1' I[ 2'. 
(iii) 13' I1 14'. 
Clearly 14' N 13' for otherwise 13' > 14' = Ul > Ml(z), a contradiction. 
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Fig. 11. 
Suppose 13' < 14 p. First observe that for no u E C, 13' < u < 14'. To see it 
notice that Ml(z)>~Ml(y) = M(y)  so M(y)  ~ 13 p and consequently 13' > y. Then, 
however, if  13' < u < 14' then y < 13 t < u so M2(y) < 13' < m2(u). Thus 
I (y)  N l (u)M C2 = ~ so P is not centered, a contradiction. Thus u E C such that 
13 ~ < u < 14' does not exist. 
Hence there are a E C2, b C Cl such that 13'~<a --< b~<14'. By Lemma 5 either 
a or b is a single in P. Clearly b = 14' for otherwise b<<,M~(z) so 13 ~ ~b because 
Ml(z) I113'. 
I f  a is a u-single, u E C, then by Lemma 5 a is a lower single. By Theorem 4, 
u is not of  type LU2 so a < d, for some d c I(u) N C1. Observe that d > Ml(z). 
Otherwise 13'~< a < d ~<M1 (z), a contradiction with the definition of  13'. On the other 
hand I(u) ~ c < M(y)  = Ml(y)<~Ml(z) < d E I(u) so Ml(z)  E I(u). In view of  
a ~M1 (z) (otherwise 13'~< a ~<M1 (z)) we get a contradiction because a c C2 is a lower 
u-single and Mr(z) E Cl NI(u). 
I f  b = 14' > Ml(z) is an upper u-single then, clearly, u > z. Hence 14' > 
Mz(u)>~Mz(z) so 14' E U(I(z)). Consequently, 14' ~ I i, a contradiction. Thus 
13' II 14'. 
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We leave considering of the remaining cases to the reader. [] 
The following corollary follows immediately from Theorem 6 and the remark fol- 
lowing the definition of normalized ordered sets. 
Corollary 1. The smallest centered ordered set without a 2-colorin9 has 17 elements. 
5. Remarks and examples 
Using Theorems 4 and 5 one can easily construct many examples of ordered sets 
without 2-colorings (four of them are shown in Fig. 11). It does not seem to be 
hopeless to try to characterize all centered ordered sets without 2-colorings. 
In Theorem 6 the assumption that the ordered set is normalized can not be dropped. 
An example of a centered ordered set without a 2-coloring which does not contain the 
ordered set 5 a and is not normalized is shown in Fig. 12. 
In Fig. 13 we show an infinite family of ordered sets without a 2-coloring which are 
not (except he smallest 19-element one) centered (however we found it generalizing 
Fig.12. Fig. 13. 
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an example of a centered ordered set without a 2-coloring). An interesting property of 
these ordered sets is that there are many (approximately ¼1PI) elements not contained 
in any 2-element maximal ordered set. Therefore, in contrast o what was suggested 
in Ref. [3] the fact that an ordered set does not have a 2-coloring may not be much 
related to the structure of the family of maximal 2-element antichains in an ordered 
set. 
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